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Abstract 

For the electroeak interactions, the massive neutrino perturbative kinemat- 
ical procedure is developed in the massive neutrino Fock space; The pertur- 
bation expansion parameter is the ratio of neutrino mass to its energy. This 
procedure, within the Pontecorvo-Maki-Nakagawa-Sakata modified electroweak 
Lagrangian, calculates the cross-sections with the new neutrino energy projec- 
tion operators in the massive neutrino Fock space, resulting in the Standard 
Model mass-less flavor neutrino cross-sections, plus the Lorentz non-invariant 
neutrino oscillation cross-sections which are proportional to the squares of neu- 
trino masses and, as such, practically unobservable in the laboratory. This 
scheme reinforces the notion that the mass-less flavor neutrino can be consid- 
ered as the superposition of three massive neutrinos. 

Introduction 

The flavor changing neutrino oscillations experiments, such as, The Super- 
Kamiokande [1], SNO [2], KAMLAND [3] as well as Homestake Collaboration 
[4], clearly require massive neutrinos as have been exhibited, for example, by 
Bilenky, Giunti and Grimus [5] , Giunti and Laveder [6] and Kayser [7]. In 
discussing the neutrino oscillations, one aassumes that the left-handed flavor 
mass-less neutrino fields v a L, with a = e,^i^r 1 are unitary linear combinations 
of of the massive neutrino fields z/^and analogously for the states (see [5-10])and 
references therein), 



VaL 



U m v t L, | Va) = U\ a I Vi) (i = 1, 2, 3; a = e, y,, t) (1,2) 
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U is the unitary Pontecorvo-Maki-Nakagawa-Sakat (PMNS) matrix and ViL is 
a left-handed neutrino field associated with mass m, (see, for example [5-11] ) . 
In the study of flavor neutrino oscillations, the flavor state from (2) is used, 
via the Schrodingcr equation, to calculate the oscillation probability P a p(L) 
for the flavor neutrino oscillation transition v a — > vp at a very large distance 
thousands of km) (see, for example [5-11] ). 
However, it is well known that the standard model (SM) with mass-less 
flavor neutrinos has been remarkably successful in describing the laboratory 
experimental data, such as the neutrino scattering, at low and medium energies 
( see, for instance, M. Fukugita and T. Yanagida [8]; and C. Giunti and C. W. 
Kim [9]). So one can then ask whether the SM cross-sections can be derived 
when starting, instead with the mass-less flavor neutrino fields v a L, with the 
massive neutrino fields ViL- In this article the answer to this question is in 
affirmative. 

To proceed in this direction, as suggested by (1), the application of the 
PMNS substitution rule (3) transforms the SM Lagrangian density with the 
mass- less neutrino fields into the one with the massive neutrino fields (4): 

The PMNS substitution : v a L ~ > Uaiv^ (3) 

a,(3,...,e = e,fj,,r;i,j,a,...,b= 1,2,3 : 

UaiViL \ r _ u _ n _ 1 fi -r- „,5\ 



L 



1«l = " a ^ L ) , e L , R = P L , R e, Pl.r = ^ (l T 7 5 ) 
wTnT = lh £ [v iL (x)Ul^e L (x)W,(x,+) 

v e=e,u,r;i=l,2,3 



+e L (x)^U ej v jL{x) Wl(x,+)}, (4) 



W"(x,±) = -^=[W»(x,l)±iW> t (x,2)] 



cw — L ^ 



Cw 
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4c w 

e— e,fi,T,a,b= 1.2, o 

sw = sin 9w, cw — cos 9w 



Since the Lagrangian densities(4) contains the massive neutrino fields, all 
the calculations are now done formally in the massive neutrino Fock space. The 
mass-less neutrinos will be the mass state neutrinos in the limit of negligible 
masses as a result of the perturbative neutrino kinematical procedure. 

Perturbative kinematical procedure for calculating the neutrino 
differential cross-sections 
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A free neutrino spinor field with the mass m,i,i = 1, 2, 3 , is written generally 
with the creation and annihilation operators as 



Vi{x) 



2n)i J 1° 2 f 



(2tt) = 



e iqx u(q, s)a(q, s) + e~ iqx v{q, s)b\q, s) 



(5) 



The pertutbative kinematics is based on the fact that the neutrino mass 
mi(m,i(leV)is generally much smaller than its absolute momentum value | if |. 

Therefore it is convenient to start with the "mass-less" four-component neutrino 

M 

(7) 



momentum q 1 ? , with fixed flavor parameter 7 



(if (7) >9( 7 )) ,qf 7 ) = 0,7 = e,fi,r 



(6) 



Next, one assumes that under this flavor parameter 7 are grouped together 
three massive neutrinos, say Vi with masses m,i ;i = 1,2,3 then the differ- 



ence among their energies 



(m? -m?)/g° 



(*1,*2) 



(7) 



(7) 



is much smaller than the quantum-mechanical uncertainty 

of the energy [12]. As a consequence, in this case with fixed 7 it is impossible 
to distinguish the emission of neutrinos with different masses in the neutrino 
processes [12]. Hence, the three massive neutrinos, satisfying these quantum 
mechanical conditions, can be viewed as superposing themselves to form the 
flavor neutrino v 1 [11,12] as depicted by relations (1) and (2). With this in 



mind, with 



q (i,l) 



as the four-momentum of the massive neutrino with mass m,- 



the perturbative kinematics can be presented as 



$,7) " ?f 7) +^^-,i = l,2,3;7(/ia ;e rf) = (e,M,r); 
^(7) 

Til? 

~? (i,7) = (7)' ~ q h) + oTcT - ' 4,7) - ( ? ) 

In (7) the terms with 0(mj) have been neglected and the fixed parameter 7, as 
already established is the neutrino flavor. Taking these relations into account, 
within the massive neutrino Fock space the differential cross-sections with flavor 
neutrinos are calculated. The question, of course is: is the result consistent with 
the SM? 

To continue, in analogy to Q^^y 0110 now introduces S(i, 7 ) and S(j l7 ) to 
denote respectively, the helicity operators and eigenvalues for i = 1,2,3 massive 
neutrinos comprising the mass- less flavor neutrino ^ 7 ; The helicity operator and 
eigenvalue of the mass-less flavor neutrino are denoted, respectively, as sV 7 ) 
and S( 7 ) . And, the effects of the massive to mass-less-neutrino kinematical 
relation (7) on these helicity eigenvalues are simply, what one can call, the 
ordinary massive to mass-less neutrino helicity relation. 
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%,7) = 9 (t,7) ' a / \ 9(1,7) L= 9 ( 7 ) • a / \ 9( 7 ) L= %), 

%, 7 ) = S( 7 ) = S(fc, 7 ) s (i, 7 ) = s ( 7 ) = s (t, 7 ). efc ; ( 8 ) 

i or k, ... = 1, 2, 3; ^{ fixed) = (e or /U or r) 

As a consequence of (7) and (8), with spinor indices suppressed, the contrac- 
tions of massive neutrino free-field operators with the massive neutrino states 
are 

(0| v{x,l) |9(i,7),S(i, 7 )) = —^—3 e % ( q w)5 u u (g (ii7) ,s ( . 7) ) , 

(27r) 2 

(9(i.«)» a (j-«)l 17 (^^ 1°) = T^s e<(,( * ,4) ' !B ^fcj«(9Cj.*)' s o,«)) ( 9 ) 

(27r) 2 

where and (5 have the same kind interrelationship as su 7 \ and 7 in (8), 

etc. 

Since , as shown in (7) to (9), the superposed three massive neutrinos contain 
the single flavor designation, either in the initial or final state, say, 7 and 5, the 
process can be denoted as 1/(7) + a(P\) — ► ^(<5) + (3{P2) -From the Lagrangian 
densities (4) the amplitude and its Hermitian conjugate for the process contain- 
ing massive neutrinos, are build around these respective flavor designations, 7 
and 8. so that the generic amplitudes are given, respectively, as 

Yl M9(i, 7 ) + P(i) - Q(j,S) - p (2))iM iJt ..., 

]T <5 4 (9(fc,7) + P(i) - 9(M) - ^(2))(-*)^M,... ( 10 ) 
M.- 
Here, the momenta indicate the actual massive neutrino-lepton scattering and 
different Latin indices indicate possibilities of summation with the U matrices 
which, however, here is not necessary to be explicit. To derive the cross-section, 
with the help of (7), (8) and (9), one needs 



Samp 



Ct 

amp 



'-'amp'-' amp 



Yl {^(9(7) + P (l) ~ 9(5) - P(2)) 
i.j,...;k,l.... 

+5l("?( 7 ) + P(i) - "9 (5) - P(2))S(q {j) + P ( 1} - gfo - P ( ° 2) ) 



<) 



(11) 



+0(m 4 )}(M i;j ,...)(M M; ...) 

^(9(7) + P(i) 9(5) P(2)) E ( m «.-)( m m,-) + ° K) 
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The final result in (11) is the consequence of general delta function property 
5(x)S'(x) = .The terms with O (m 4 ) , denoting the fourth power of products 
of variety of m,,mfe,ete., are neglected. It follows that while the Fock space 
contains the massive neutrino states, the cross-section will utilize the kinematics 
of massless flavor neutrinos. 

Next, one needs the spinor expressions, appearing in (9), to reflect respec- 
tively, the kinematical and helicity relations in order to facilitate the cross- 
section calculations. 



«(9(.,o)iS(.,a)) 



u(rrii, ,S( iiCe ) 



-(»,<*) 



w(?(i,a)> s (i,a)) 



i(i,a) 



2 ( mi+9 (U) 



u(mi, , S( iia )), 





(°\ 





i 





' 


V o / 


V o / 



±1) 

u(rrii,~0 ,S( i>a )) 



V 2 h + ^)) 
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For a process with 7 and 5 flavor designations, 1/(7) + a(-Pi) — > ^(/?) + 
/3(P2), in cross-section evaluations, one will deal with the neutrino energy pro- 
jection operator over the positive energy states. Furthermore, rather than av- 
eraging over, one simply sums over the massive neutrino helicity degrees of 
freedom. Consistent with the ordinary neutrino helicity relation (8), the sum is 
carried over only the equal helicity eigenvalues: 



'(i,a) 



S(k,a) = «(a) : X! u (l(i,a), s (i,a)) ® u{l(k,a), S(k,a)) 

S(i,a),S(*,a) 

X] U ('?(i^)' S (")) <gl "('?(fe,c t ),S(a)) = ^ [9(i,a),5(fe,a);+,c] , 



r x 1 ( m »-% a )) + ( mfc -%.)) 

[Q(i,a)y Q(k,a)'i +; C J — T — , (■!■«*) 

2 [(™* + <?(U) ( mfc + ^, Q ))] 2 

z and k = 1, 2, 3; 7 = e or /i or r 

where the + sign refers to the positive energy states and c refers to the fact that 
the equal helicity eigenvalues in the sum yield the coherent result. (The inco- 
herent projection operators \qu , Q ) , qtk,a) > +? *] with unequal helicity eigenvalues 
s (i,a) s (k.a) are n °t dealt here.) The relation (13) defines the spinorial mas- 
sive neutrino to mass-less neutrino helicity relation and it is consistent with the 
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ordinary hclicity relation (8). Carrying out the indicated operations in rela- 
tion (13) as a power series over the neutrino masses /energy, one obtains for the 
neutrino energy projection operator over the positive energy states the following 



2 

[?(j,a),9(fc,a);+>c] = X] <7(fc^)'+> C ], 
n=0 



[g(i,a).9(fc,a);+' C ]o = ~£( a )' ^ 

{m k - mm) 7°2 (q) 

[Q(i,a),<l(k,ay,+,C\ 1 = m k H r-Q , 

(mfc-m,) 2 ^ | m , mfc7 o 

L<7(i,a)> 9(fc,a)i +i C J 2 — o 02 + 2o° 

The coherent energy operator [qu ta ),qfk,a) \ +> c ] generates the electroweak 
interactions that are the same as the SM interactions plus the LIV neutrino oscil- 
lation processes that are negligible since their cross-sections are proportional to 
the squares of neutrino masses and, as such, are essentially zero (LIV = Lorentz 
invariance violating and LI = Lorentz invariant) . Relation (14) is in essence 
the procedure for calculating the cross-sections for the processes requiring only 
the neutrino energy projection operators over the positive energy states. 

Applications to the differential cross-section calculations 

As established earlier and consistent with (11), the quasi-elastic electroweak 
process with massive neutrinos present, to 0{m 2 ), can can be denoted with the 
kinematics that uses just the mass-less flavor neutrinos. 



- fo 7 >) + ° (^)) — - («<*)) + Cm) ; v = = (15) 

where y is the momentum transfer. Now, although working in the massive neu- 
trino Fock space, relation (11) says that the kinematics for the cross-sections for 
the quasi-elastic scattering of the massless flavor neutrinos is determined with 
flavor neutrino momenta according to 64 (q( 7 ) + P(i) — q(s) — P(2)) ■ Further- 
more, since (see also [8]) 

i dy = h j ' da ^ da ( P(2) ) 5i ^ (7) + P(i) ~ q{5) ~ P(2) ) ' da (9) = (7^) 

(16) 

the normalized neutrino energy transfer y = (q^ — 1(s)j / cann °t affect 
Lorentz invariance of any of the differential cross-sections. 
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Also, in view of (11), the cross-section normalization factor is defined with 
respect to the massless flavor neutrino momenta. 



B 



(27T) 



1 



(2nf 



\( p (i) ■%))! 



(P(i) ■ 9(7)) - P (l)Qh) 
In explicit evaluations, one uses the following short-hand notations: 

m a0 = UocimiUtp, m 2 af} = ^2 U m m 2 Uj fj 



(17) 



Deriving the differential cross-sections with new energy projec- 
tion operators for the flavor neutrino processes within the massive 
neutrino Fock space 

From the Lagrangian density in (4), the free neutrino field (5), the 
kincmatical relation (7), the relations (8) and (9), one derives in the usual 
way the W~ exchange Sw and S w matrix elements for the process in (15). 
Specifically with the Fierz rearrangement and repeated indices summing up, 
one has, 



Sw = (g (i;7) + P (1) - q m - P {2) ) 6 a pU Sj U} u} p U ai 2 

i,j ( 27r ) 8M w 

xu (q(j,s),S(j, S )) 7 M (1 - 7 5 ) u (g (ii7) , s (ii7) ) u (P( 2 ),r 2 ) J^u (P {1) ri) (18) 

and S w is obtained from (18) as shown in (10). The contribution to the 
process (15) due to the W— exchange from (18), after taking into account (11), 
(17), \/2.9 2 = 8M W G, and the fact that S(i, 7 ), su t g\, obey respectively the 
ordinary and spinorial helicity relation, (8) and (13), the standard procedure 
gives, 



S(i,y) 

daw (to) 
dy 



= S (3,7) = S (7); S (M) = S(j,8) = S(8) ■ 



da 



(c.c) 



(m) 



G 2 



5. 



a/3 



dy 47r I ( p (i) • 9(7)) I 2 5 ^ 

Tr (Nh P (1) ) 7v (1 - 7 5 ) (M 2 - P (2) ) 7m (l - 7 5 ) 



(19) 



x [ Tr . 9(9,7)5 + > c ] 7^ (1 -7 5 ) [«(M)> 9(j,5); +,c] 7 M (1 -7 5 )] 

where m symbolically denotes dependence on mi, 2,3 . Next, the coherent energy 
operator expansion according to (14), with gamma matrices traces carried out, 
yields 
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daw ( m ) 
dy 



da w (SM) 





dy 






H 


[~ 




(38 





1 

l02~ 

hi) 



02 

q (s), 



2G 2 5 a[: 



7r|(P ( i) -g (7) ) 



m a smsa 



02 



+ 



dy 



2G 2 (5 



(^(D ' ?(7)) (^(2) ' 9(5)) , 2P (°D ( P (2) ' 9(5) 



„02 



+ 



^ I ( P (i) • 9(7)) I 



(P(l) ■ 9( 7 )) (^(2) ' «(«)) 



One can notice that , while the negligible LIV is associated with the neutrino 
mass, the LI Standard Model result is formally identified with zero neutrino 
mass limits 



daw ( m ) daw (SM) 



+ 0(m 2 ;LIV) 



(21) 



dy dy 

one can summarize the neutrino flavor transitions for the W— exchange neutrino 
processes. Flavor conserving are: LI to 0(m = 0) terms and negligible LIV to 
0(m 2 ) terms. Flavor violating are: negligible LIV to 0(m 2 ) terms. 

As in the previous case, from the Lagrangian density in (4), the free 
neutrino field (5), the kinematical relation (7), the contractions (9), one derives 
in the usual way the Z — exchange Sz and S\ matrix elements for the process 
in (15). Specifically, one has 



(20) 
0(m 4 ), 



Sz = ^2^i(<l(i,j) + P(i)-<l(j,6)-P(2))Sij6 a 0UsjU} 1 



X- 



(2tt) 2 16c 2 M 2 [ U ^ 5 )' S ^)) 7M ( 1_75 ) U ^)' S (^)) (22) 
x« {P(2),r 2 ) 7 M (44/ - 1 + 7 5 ) u (P ( i) ri)] 

while S\ is obtained from the Sz through the Hermitian conjugation. In what 
follows, one will find the following shorthand notation very useful: 



w = 4,ti>i = 2s 2 w - 1,2! = s 2 w (2s 2 w - 1) + -,z 2 = s 2 w (2s 2 w - 1) , 

z 3 = s 2 w - i,z 4 = s 2 w (s 2 w - 1) + l,zi + z 3 = 2s^ (23) 

After taking into account that c w M\ = M w and the fact that the hclicities, 
S(j )7 ), 5(^,5), obey both the ordinary and the spinorial helicity relations (8) and 
(13), the standard procedure yields the general expressions: 
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s (i,7) — s (fe,7) - s (7)5 S (LS) — s (j,8) ~ s (8) '■ 

da z (to) da { z' c) (to) G 2 «J c 



£ (UsjU^UtsU^SijSH (24) 



*/ ^|(P (1) . %) )| 2^ ^ 

x Tr (Mi - P (1) ) 7, ^2z 3 + ^ 7 5 ) (m 2 - P (2) ) 7aj (^ 3 + ]p 
x [Tr [g-( i;7 ),g (fei7 );+,c] Y (l - 7 5 ) [Q(i,s),Q<j,s)\+,c\ ^ (l - 7 5 )] 

The coherent energy operator expansion according to (14), with evaluating the 
traces of gamma matrices, yields 



dy 



da z (SM) 
dy 



da z (SM) 
dy 



1 + 



,02 



,02 



4 \ q h) q (s), 



G 2 m 7 sms 7 5 al3 
87r|(P(i). ?(7 ))| 



X | 2 ( i + i ] [^1^2*2 («( 7 ) • 9(5)) 

I \ q h) q (S)J 
+ (P(i) ■ 9(5)) (P(2) • 9( 7 )) (Zl + Z 3 ) 
+ ( P W -9(7)) ( p (2) -Q(S)) {zi-zs)] 
+_L [MiMa^g^ + P ( 1} (P (2) ■ ?( 7) ) (zi + z 3 ) 

5(5) 



+^(2) (P(l) ■ 9(7)) ( Z l - *0 



M 1 M 2 z 2 q1s) 



+ P (2) (P(l) ■ K5)) (Zl + Z 3 ) + (P(2) • 9(5)) (*1 - Z 3 )] } 

+0(TO 4 ) 
C 2 (5a/3l5 7 ^ 

^K^i)-^))! 

X [MiM 2 2 2 (9(7) ' 9(5)) + (P(l) ' 9(5)) (P(2) • 9( 7 )) Oi + 23) 
+ ( P (l) • 9(7)) ( P (2) -9(5)) («l-«3)] 



Here also, the negligible ZJV is associated with the neutrino mass while the LI 
Standard Model result is identified with formally zero neutrino mass limits : 



daz (m) daz (SM) 



+ 0(m 2 ;LIV) , 



(26) 



dy dy 

While the terms of O (m = 0) are LI and flavor conserving, the negligible LIV 
terms of C>(m 2 )are either flavor violating or flavor conserving. 



da 



{w,z} 



-Here, the differential cross-section for the quasi-elastic neutrino 
scattering (15) due to the overlapping S — matrix elements from the W— and 



(25) 
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Z— is given as a sum of its components after taking into account relations (11), 
(18), and (22). Importantly, again taking into account the fact that helicities, 
s (i,-y).s {j J} 7 ■■■7 obey both the ordinary and spinorial helicity relations, (8) and 
(13), the standard procedure yields the general expression 



S(e, 7 ) 
s (h,8) 

d(T {w,z} (m) 
dy 



S (3,7) = S (i,7) = S (fe,7) = S (7)5 

= S(j,«) = S(j >S ) = s (s) : 
(ro) G 2 



G?£T 



(c,c) 



'a/3 



dy 87r|(P (1) .g (7) )| 2* 

{ [Tr (Mi - P (1) ) 7, (4z 3 + 7 5 ) (m 2 - P (2) ) 7 M (l - 7 5 ) 

E (ulsU^hUlUsfUt^f) 

g,h;e,f 

'Tr [q( e ,-y),Q(g,jy,+,c] Y (l -7 5 ) [Q(h,5),q(f,6);+,c] 7 M (l -7 5 



(27) 



k,l;i,j 



xTr [? (il7 ),g(fc l7) ;+,c] 7^ (l - 7 5 ) [«(«,«), +, c] 7 M C 1 - T 5 )]J} 
where one took into account the identity: 

Tr (Mx - P (1) ) 7 „ (4z 3 + 7 5 ) (m 2 - P (2) ) 7^ (l - 7 5 ) 

= Tr (Mx - P (1) ) 7, (1 - 7 5 ) (M 2 - P (2) ) 7m (4z 3 + 7 5 ) 



Of course, one cannot avoid the coherent energy operator expansion according 
to (14), and evaluating the traces of gamma matrices one obtains 



d<? {w ,z} (m) _ da {WiZ} (SM) 



dy 



d<J {w ,z} (SM) 
dy 



dy 



1 + 



02 1 02 



G 2 m 1 s r ms 1 5 a f} 
2tt I (P ( i).g (7) ) I 



X {[M 1 M 2 W (<? (7 ) -(7(5)) +W! (P(l).g (7 )) (P(2).<?(5))] 



2S n 



AfiM 2 «;ogp 7) + wi (^(1).%)) if 2 ) 



+ 



25 ps 



AfiMatwo^ + »i (P(2).<?(5)) P ( °i) } + O (m 4 ) 



^7^~% t MlM2W ° (%) ' «(*)) + Wl ( P (l)-«(7)) ( P (2)-«(5))] 
77 I l P (l)-9(7)J I 



Again, the negligible LiV is associated with the neutrino mass while the LI 
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Standard Model result is identified with formally zero neutrino mass limits : 



The overlapping W— and Z— exchanges cross-section terms of O (m = 0) are 
LI and flavor conserving, while the negligible terms of 0(m 2 ) carry the LTV 
terms with, both, the conserved and violate flavor. 

Discussion — One thing that one notices right a way is the fact that 
while the LTV is very real, because it is associated with the 0(m 2 ) terms, it is 
negligible at least in the scattering- like experiments. Therefore, the "mass- less" 
SM is consistent with massive neutrinos whose masses are < leV. Because they 
are proportional to 0(m 2 ), the neutrino oscillation scattering cross-sections de- 
rived here are not observable. However, the interesting problem to deal with 
would be as to how to generalize the negligible neutrino oscillation scattering 
cross-sections in the laboratory into the practical long baseline oscillations prob- 
abilities. 
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